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Abstract
Background: Mixed graphical models (MGMs) are graphical models learned over a combination of continuous and
discrete variables. Mixed variable types are common in biomedical datasets. MGMs consist of a parameterized joint
probability density, which implies a network structure over these heterogeneous variables. The network structure
reveals direct associations between the variables and the joint probability density allows one to ask arbitrary
probabilistic questions on the data. This information can be used for feature selection, classification and other
important tasks.
Results: We studied the properties of MGM learning and applications of MGMs to high-dimensional data
(biological and simulated). Our results show that MGMs reliably uncover the underlying graph structure, and
when used for classification, their performance is comparable to popular discriminative methods (lasso regression and
support vector machines). We also show that imposing separate sparsity penalties for edges connecting different types
of variables significantly improves edge recovery performance. To choose these sparsity parameters, we propose a new
efficient model selection method, named Stable Edge-specific Penalty Selection (StEPS). StEPS is an expansion of an
earlier method, StARS, to mixed variable types. In terms of edge recovery, StEPS selected MGMs outperform
those models selected using standard techniques, including AIC, BIC and cross-validation. In addition, we use
a heuristic search that is linear in size of the sparsity value search space as opposed to the cubic grid search
required by other model selection methods. We applied our method to clinical and mRNA expression data
from the Lung Genomics Research Consortium (LGRC) and the learned MGM correctly recovered connections
between the diagnosis of obstructive or interstitial lung disease, two diagnostic breathing tests, and cigarette
smoking history. Our model also suggested biologically relevant mRNA markers that are linked to these three
clinical variables.
Conclusions: MGMs are able to accurately recover dependencies between sets of continuous and discrete
variables in both simulated and biomedical datasets. Separation of sparsity penalties by edge type is essential
for accurate network edge recovery. Furthermore, our stability based method for model selection determines
sparsity parameters faster and more accurately (in terms of edge recovery) than other model selection methods. With
the ongoing availability of comprehensive clinical and biomedical datasets, MGMs are expected to become a valuable
tool for investigating disease mechanisms and answering an array of critical healthcare questions.
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Background
Integrating biomedical datasets from different data
streams (e.g., omics, clinical) and of different types (continuous, discrete) is of utmost importance and has become an analysis bottleneck in biomedical research.
Ideally, one would like to be able to uncover all direct
associations between variables and/or perform feature
selection and classification tasks using all data. The first
task can reveal disease mechanisms and the second can
be used to select variables characteristic of disease status, therapy outcome or any other variable of clinical
importance. Graphical models have been used in the
past for both of these tasks, but they are often limited to
datasets with discrete-only or continuous-only variables.
Traditional univariate approaches for feature selection
exist as well, but they also often operate on a single data
type. In addition, due to the high dimensionality and colinearity of biological data, markers selected by these
standard feature selection algorithms can be unstable
and lack biological relevance [2], a problem that has recently been addressed directly [3]. Many existing models
that do integrate different data types make heavy use of
prior knowledge [4, 5] and as such are not easily extendable to clinical and other data that are not well studied.
As a result, although numerous biomedical data sets
exist with genomic, transcriptomic and epigenetic data
for each sample, a general framework for integrative
analysis of these heterogeneous data is lacking.
In this paper, we study several strategies for learning
the structure of graphical models over mixed data types
(discrete and continuous) to produce statistically and
biologically meaningful predictive models. We measure
the performance of these strategies in synthetic data (via
true edge recovery) and biological data (via functional
enrichment and performance on classification tasks).
The major contributions of this paper are threefold.
First, we apply an MGM, proposed by Lee and Hastie
[6], to simulated and biological datasets. These datasets have higher dimensionality and are derived from
more complicated network structures than datasets
used in previous work with this model. Second, we
propose the use of a separate sparsity penalty for
each edge type in the MGM, which significantly improves performance. Third, to assist with setting the
sparsity parameters we use a heuristic search based
on an existing model selection method (stability approach to regularization selection – StARS) [1], that
outperforms standard methods.
Prior work

Graphical models are a natural tool for decoding the
complex structure of heterogeneous data and allow for
integration of many data types. They learn a network of
statistical dependencies subject to a joint probability
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distribution over the data. Mixed graphical models
(MGMs) are graphical models learned over a mixture
of continuous and discrete features.
A fully specified conditional Gaussian MGM, as characterized by Lauritzen & Wermuth [7] 26 years ago,
would require different continuous distribution parameters for every possible setting of the discrete variables.
Restricting ourselves to “homogeneous” models, which
use a common covariance matrix for continuous variables independent of the discrete variable values, is
therefore necessary to avoid trying to learn a parameter
space that is exponential in the number of variables.
Similar to pairwise Markov Random Fields over only
discrete variables, the main hurdle to the calculation of
likelihood in MGMs is calculation of the partition function. This computation is intractable with a large number of discrete variables because it requires summing
over all possible discrete variable settings. Two approaches to get around this partition function calculation are: (1) learn separate regressions of each variable
given all of the others [8–10], and (2) maximize a tractable pseudolikelihood function instead of the actual
likelihood [6].
Performing separate regressions is a common approach to the MGM learning problem. This class of
methods learns a conditional distribution for each
node given the rest. Examples of this strategy include
estimation of the sparse inverse covariance matrix of a
multivariate Gaussian by Meinshausen and Bühlmann
[11], and estimation of mixed variable networks via
random forests [8] or exponential families [9, 10]. Alternatively, the pseudolikelihood, proposed by Brasg
[12], is a consistent estimator of the likelihood, and is
defined as the product of the conditional distributions
of each node given the rest. Both of these approaches
thus avoid calculation of the partition function for the
joint distribution by substituting the conditional distributions of each node into the optimization problem.
Separate regressions offer flexibility and are easily parallelized, but in both the continuous [13] and mixed
cases [6] estimating the parameters by maximizing the
likelihood or pseudolikelihood, respectively, has the
advantage of better empirical performance. Because of
this we chose the focus our efforts on the MGM learning approach via pseudolikelihood, as proposed in Lee
and Hastie [6].
Although Lee and Hastie do not test their algorithm
on high-dimensional data, we find that their model is
well suited for high-dimensional learning due to their
inclusion of a sparsity penalty on the parameters. An
important issue that we ran into in our experiments
was that the model would often select too many
continuous-continuous edges and too few edges involving discrete variables. This is likely a combination
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of the phenomenon observed in [9] where linear regressions have better edge prediction performance
than logistic regression between the same nodes and
the fact that Lee and Hastie use the same sparsity
penalty on all edges regardless of the type(s) of
nodes they connect. Lee and Hastie use a weighting
scheme to take into account discrete variables with
differing numbers of categories, but this does not
solve this problem. Therefore, in this paper we introduce a new regularization method for the Lee and
Hastie’s model that uses a different penalty for each
type of edge: continuous-continuous, continuousdiscrete, and discrete-discrete. In addition, because
this approach creates more parameters for the user
to set, we present an edge stability based method for
selecting the three sparsity parameters. We call the
combination of using separate sparsity penalties with
our heuristic search Stable Edge-specific Penalty Selection (StEPS).

Methods
Mixed graphical models

Lee and Hastie [6] parameterize a mixed graphical
model over p Gaussian variables, x, and q categorical
variables, y, as a pairwise Markov Random Field. Here
we briefly summarize their model:
X
p X
p
p
X
1
pðx; y; ΘÞ∝ exp
− βst xs xt þ
αs x s
2
s¼1 t¼1
s¼1
p
q
q
q

XX  
XX 
þ
ρsj yj xs þ
ϕ rj yr ; yj
s¼1 j¼1

j¼1 r¼1

In this model βst represents the interaction between
two continuous variables, xs and xt,ρsj(yj) is a vector
of parameters that correspond to the interaction between the continuous variable xs and the categorical
variable yj indexed by the levels (i.e., categories) of
the variable yj, and ϕrj(yr, yj), is a matrix of parameters
indexed by the levels of the categorical variables yj,
and yr. In the continuous only case, this model reduces to a multivariate Gaussian model where the βst
parameters are entries in the precision matrix. In the
categorical only case, this model is the popular pairwise
Markov random field with potentials given ϕrj(yr, yj); and it
could parameterize an Ising model as in the binary-only
case, for example,. Thus the model serves as a
generalization of two popular uni-modal models to the
multi-modal regime.
In order to avoid the computational expense of calculating the partition function of this model, Lee and
Hastie optimize the negative log pseudolikelihood,
which is:
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~l ðΘ jx; yÞ ¼ −

p
X



log p xs jx ns ; y; Θ

s¼1

−

q
X



logp yr jx; y nr ; Θ

r¼1

To ensure a sparse model, ~l is minimized with respect
to a sparsity penalty, λ:
minimizeΘ ~l ðΘÞ
X 
X
β  þ
ρsj
þ λ
st
t<s

s;j

2

þ

X
r<j

!
ϕ rj

F

where Θ is a shorthand for all of the model parameters.
The parameter matrices β and ϕ are symmetric, so only
half of each matrix is penalized. Lee and Hastie use an
accelerated proximal gradient method to solve this
optimization problem.
A standard way of handling a categorical variable with
L levels is to convert the variable to L-1 indicator variables where the last level is encoded by setting all indicators to zero, this is necessary to ensure the linear
independence of variables in the regression problem. Lee
and Hastie’s MGM approach, uses L indicator variables
(i.e., the elements of ρsj(yj) and ϕrj(yr, yj)) to improve interpretability of the model, and enforces a group penalty
to ensure the indicator coefficients sum to zero.
To perform our experiments we adapted the Matlab
code provided by Lee and Hastie (available at http://
www.eecs.berkeley.edu/~jasondlee88/learningmgm.html).
Separate sparsity penalties

Our main modification to the Lee and Hastie model itself is that we use different sparsity penalties for the
three edge types: edges connecting two continuous
nodes (cc), edges connecting a continuous and discrete
node (cd) and edges connecting two discrete nodes (dd).
With these penalties, the new optimization problem
becomes:
X 
X
minimizeΘ ~l ðΘÞ þ λcc βst  þ λcd
ρsj
2
t<s
s;j
X
þ λdd
ϕ rj
r<j

F

Methods for model selection

K-fold cross-validation (CV) [14] splits the data into K
subsets and holds each set out once for validation while
training on the rest. We use K = 5 and average the negative log-pseudolikelihood of the test sets given the
trained models. The Akaike information criterion (AIC)
[15] and Bayes information criterion (BIC) [16] are
model selection methods that optimize the likelihood of
a model based on a penalty on the size of the model
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represented by degrees of freedom. To calculate the AIC
and BIC, we substitute the pseudolikelihood for the likelihood and we define the degrees of freedom of the
learned network as follows.
In the standard lasso problem, the degrees of freedom is simply the number of non-zero regression coefficients [17]. So, in the continuous case, the degrees
of freedom of a graphical lasso model is the number
of edges in the learned network. In the mixed case,
edges incident to discrete variables have additional
coefficients corresponding to each level of the variable. Lee and Hastie’s MGM uses group penalties on
the edge vectors, ρ, and matrices, ϕ, to ensure that
all dimensions sum to zero. So, in the model, an edge
between two continuous variables adds one degree of
freedom, and edge between a continuous variable and
a categorical variable with L levels adds L-1 degrees
of freedom, and an edge between two discrete variables with Li and Lj levels adds (Li – 1)(Lj - 1) degrees of freedom.
We compare these model selection methods to an oracle selection method. For the oracle model, we select
the sparsity parameters that minimize the number of
false positives and false negatives between the estimated
graph and the true graph. While we do not know the
true graph in practice and none of the other methods
use the true graph, this method shows us the best possible model selection performance under our experimental conditions.
AIC, BIC, and CV all require calculating the pseudolikelihood from a learned model so to optimize
over separate sparsity penalties for each edge type, we
perform a cubic grid search of λcc, λcd, and λdd over
{.64, .32, .16, .08, .04}.

Stability for model selection

Here we briefly present the StARS procedure [1] reformulated in terms of λ rather than Λ = 1/λ as was originally described. Given a dataset with n samples, StARS
draws N subsamples of size b without replacement from
 
n
possible subsamples. An MGM network
the set of
b
is learned for each subsample over a user specified set of
values and a single sparsity parameter, λ. The adjacency
matrices from these learned models are used to calculate, θ^ st ðλÞ, the fraction of subsample networks that predict an edge from node s to node t. Using this value we
can then calculate edge instability, ξ^ st ðλÞ ¼ 2θ^ st ðλÞ


1− θ^ st ðλÞ , which is the empirical probability of any
two subsample graphs disagreeing on each possible edge
at each value of λ. Liu et al. define total instability of the
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^ ðλÞ , as the average of ξ^ st ðλÞ over all edges:
graph, D
X

^ ðλ Þ ¼ 
D

s<t

ξ^ st ðλÞ

pþq
2

 . Very low values of λ will result in very

dense but stable graph, which is not desirable. To avoid
 ðλÞ ¼ supλ≤t
this, StARS monotonizes the instability: D
^ ðt Þ and selects λ^ ¼ inf fλ : D
 ðλÞ≤γ g with γ being a
D
user defined threshold (called β in [1]). In other words,
starting with a large value of λ that produces an empty
graph, we reduce λ until the total instability hits the
given threshold.
Stable Edge-specific Penalty Selection (StEPS)

We modified the StARS procedure to accommodate selection of separate λ for each edge type. We now define
the total instability overX
each edge type instead
X of the
^ cc ðλÞ ¼
entire graph: D
X
^ dd ðλÞ ¼
D

ξ^ ðλÞ

st
^ cd ðλÞ ¼
cc  , D
p
2

ξ^ ðλÞ
cd st
,
pq

ξ^ st ðλÞ

dd  . Given these separate estimates of
q
2
total instability, we then perform the rest of the StARS
algorithm for each λ. This approach does not require
any additional model learning, the only extra computations in this approach compared to the standard, single
penalty StARS are the additional averages, which are
trivial to calculate. Because the subsample network
learning uses the single penalty MGM, this procedure is
linear in the size of the parameter search space.
Based on the suggestions in [1], and the default parameters in the R implementation of StARS [18], we
pﬃﬃﬃ
use N ¼ 20; b ¼ 10 n, and γ = .05.
Simulated network data

We generated 20 scale-free networks of 100 variables
each, based on the framework of Bollobás et al. [19]
but ignoring edge direction. So, given a number of
nodes to connect, we start with an edge between two
nodes and the rest of the nodes unconnected, we iteratively add edges until all nodes are connected. At
each edge addition, we connect two non-zero degree
nodes with probability .3; and we connect a node i
with degree 0 to a node j with non-zero degree with
probability 0.7. In each case, the non-zero degree
nodes are selected randomly with probability proportional to their degree: X degreeðjÞ
.
k ∈V

degreeðk Þ

For each network we simulated two datasets of 500
samples with 50 continuous and 50 categorical variables.
Each categorical variable had 4 levels. The parameters in
one dataset were set so that discrete-continuous and
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discrete-discrete edges had approximately linear interactions, while the other dataset did not have this
constraint. Each edge, from node s to node t is given a
weight, wst, drawn uniformly from [.5, .8]. For
continuous-continuous edges we chose a sign with even
probability and set βst = wst or βst = − wst. To ensure the
β matrix is positive definite, we set the diagonal
elements the largest value of the sum of the absolute
value of the edge weights over each node. For
continuous-discrete edges, in the linear dataset we set
ρst = [−w, −.5w, .5w, w] and in the non-linear data we set
ρst = perm([−w, −.5w, .5w, w]), where perm is a random
permutation of the elements in the vector. For discretediscrete edges we set the diagonal of ϕrj(yr, yj) to wst and
the rest to -wst, while in the non-linear data we randomly set one parameter in each column and row to wst
and the rest to -wst..
Lung chronic disease data

The Lung Genomics Research Consortium (LGRC) contains multiple genomic datasets and clinical variables for
two chronic lung diseases: chronic obstructive pulmonary disease (COPD) and interstitial lung disease (IDL).
We used two data types from LGRC: gene expression
profiles (15,261 probes) and clinical data for 457 patients
(COPD N = 215; ILD N = 242). To expedite the execution time and avoid sample size problems, we only used
the 530 most variant expression probes and 8 clinical
variables: age, height, weight, forced expiratory volume
in one second (FEV1), forced vital capacity (FVC), gender, cigarette history, and diagnosis (COPD or ILD).
Age, height, weight and the spirometry variables (FEV1
and FVC) were divided into tertiles. Diagnosis was used
for classification experiments.
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disagreements, and 0 to random guessing. This measure is robust to unbalanced nature of the problem
where in the true, sparse graph edge absence is much
more frequent than edge presence.
Functional enrichment and classification

For evaluation of the performance of various MGMs
and other models on real data we used functional enrichment analysis of external databases and classification
analysis over specific variables in the network, including
disease diagnosis (for clinical datasets).
Gene annotations were retrieved from the Gene
Ontology (GO) database [21] and we used the hypergeometric test to determine if sets of selected genes were
overrepresented for any of these annotations (i.e., more
occurrences of a given annotation were observed than
we would expect from randomly selected genes).
Given the parameters learned from training data,
^
Θ train , we make predictions on any categorical variable,
ytarget, in a testing dataset given the rest of the variables
by selecting the category minimizes the negative log
pseudolikelihood of the test data given the trained
model:


^ train ; xtest ; y
y^target ¼ argminLtarget ~l Θ
test ntarget ; ytarget ¼ Ltarget

We use this approach to predict lung disease diagnosis
in a test dataset with an MGM trained with a training
dataset.
We used 8-fold cross validation to determine the optimal classification settings of λ for MGM and Lasso, and
which kernel to use for support vector machines
(SVMs). We used the built-in Matlab implementations
of Lasso and SVMs for these experiments.

Graph estimation performance

Results

Non-zero MGM edge parameters correspond to a prediction of the presence of that edge. For edges with multiple parameters, (i.e., ρsj(yj) and ϕrj(yr, yj)) if any of the
parameters are non-zero we predict the edge is present.
We use accuracy, precision and recall to evaluate edge
recovery in our predicted graphs: precision is the ratio
of true edge predictions to all edge predictions; recall is
the ratio of true edge predictions to all edges in the true
graph; accuracy is the ratio of true predictions to all predictions (in this case true prediction includes the correct
predictions of the presence or absence of an edge); and
the F1 score is the harmonic mean of precision and recall. In addition we consider the Matthews’ correlation
coefficient (MCC) [20] which provides a correlation between the presence of edges in the true and predicted
graphs. MCC is formulation of Pearson’s correlation for
two binary variables so values of 1 correspond to
perfect agreement between the variables, −1 to all

Synthetic data
Separate sparsities versus single sparsity parameter

We applied Lee and Hastie’s method for learning an
MGM to datasets simulated from a scale-free network.
Initial experiments found that using a single sparsity
penalty for all edge types produced many false positive
continuous-continuous edge predictions, while missing
many true discrete-discrete edges. We first present an
example of this behavior on a single dataset of 500 samples over 50 four-level discrete variables and 50 continuous variables generated from a scale free network
structure. Figure 1a shows the adjacency predictions of
the learned MGM compared to the true graph using a λ
selected by the oracle to minimize the number of edges
present in one graph but not the other. This observation
leads us to introduce separate sparsity penalties for each
edge type. Figure 1b shows the adjacencies learned by an
MGM with separate sparsity penalties for each edge
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Fig. 1 Example adjacency matrices predicted by an MGM, with sparsity selected using the oracle. a Single sparsity penalty λ = .19 b Split sparsity
penalties λcc = .64, λcd = .19, λdd = .13

type. For the sparsity parameters, the oracle searched
over a range of 13 values evenly spaced on a log scale
from .08 to .64.
Figure 2 shows the Matthews correlation of the edge
predictions over the range of sparsity parameters, both
overall and separated by edge type. For this example
dataset, edge recovery of discrete-discrete edges had the
highest MCC at λ = .13 while correlation of recovery of
continuous-discrete edges was maximized at λ = .19 and
continuous-continuous edges at λ = .64.
Selecting an optimal value for a single λ can be challenging, and the addition of two more sparsity parameters made it necessary to develop an efficient selection
strategy. Other methods with multiple sparsity parameters search over a grid of models learned on all possible
combinations of the parameters [22], but for our model
the complexity of this selection would be cubic in the
number of parameter values tested. Many model selection methods rely on calculating some likelihood over

the training data, and it is not clear how to divide up
this calculation by edge type. We do expect the presence
of edges to remain relatively constant for a given edge
sparsity parameter setting, so we extended a recent subsampling technique for model selection, StARS [1], to
select three edge-type specific sparsity penalties by assuming independence between edge types. This assumption allows for a linear rather than cubic search over
possible sparsity parameters. Thus, our method, StEPS,
selects three sparsity penalties for Lee and Hastie’s
MGM learning using a modified StARS approach for
subsampling over different edge types.
StEPS outperforms other methods for model selection

Table 1 Summarizes graph prediction results for MGMs
trained using sparsity penalties chosen with different
model selection procedures over the 20 simulated nonlinear datasets. Oracle, AIC, BIC, and CV evaluated
models over a three dimensional grid of all possible

Fig. 2 Matthews correlation between edge predictions and the true graph versus sparsity for the dataset from Fig. 1. Calculated for each edge
type, cc for continuous-continuous, cd for continuous-discrete, dd for discrete-discrete, and over all edge predictions
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Table 1 Comparison of model selection methods
Methods

Precision

Recall

F1-score

Matthews CC

Accuracy

AIC

0.1104 (0.002)

0.9698 (0.004)

0.1982 (0.003)

0.2882 (0.003)

0.7952 (0.003)

BIC

0.4588 (0.028)

0.8633 (0.007)

0.5890 (0.025)

0.6098 (0.022)

0.9652 (0.004)

CV

0.1530 (0.003)

0.9694 (0.004)

0.2640 (0.005)

0.3539 (0.004)

0.8587 (0.003)

Oracle

0.9149 (0.015)

0.7868 (0.021)

0.8397 (0.009)

0.8416 (0.008)

0.9923 (0.000)

StARS – 1 λ

0.8988 (0.018)

0.4993 (0.010)

0.6408 (0.011)

0.6632 (0.011)

0.9854 (0.001)

StEPS – 3 λ

0.9159 (0.014)

0.6720 (0.009)

0.7731 (0.007)

0.7787 (0.007)

0.9897 (0.000)

AIC akaike information criterion, BIC Bayesian information criterion, CV cross-validation, Oracle: best possible prediction performance (maximize accuracy using
true graph)
Mean (and standard error) of classification performance over 20 datasets simulated from scale-free networks

combinations of λcc, λcd, λdd ∈ {.64, .32, .16, .08, .04}. For
StARS, models were trained using a single sparsity penalty over the same range of values, and then either a single λ was selected based on the average instability over
all edges or λcc, λcd and λdd were selected based on the
average instability of each edge type.
Our results show that AIC, BIC and CV produce
overly dense models in the high-dimensional setting.
Even when restricted to the single sparsity model, StARS
significantly outperforms these traditional model selection methods. These results agree with what Liu et al.
observed in their model selection experiments with the
graphical lasso [1]. In addition, our modification of
StARS with separate sparsities outperforms StARS with
a single sparsity. Neither StARS model selection with 3
penalties nor the oracle model selection output a model
where all three sparsities were equal in any of these experiments. Both methods always set λdd = .16 while the
other parameters were always in the set { .64, .32, .16}.
These results confirm the effectiveness of separating the
MGM sparsity penalty into three λ values.
The original StARS procedure uses a subsampled dataset to make final edge predictions because the instability
calculations are made on subsamples. We found, however, that in all cases the final edge prediction performance is higher if we use all samples compared to
predictions from a model using a subsampled dataset.
This improved performance is observed for all three
metrics: accuracy, MCC, and F1. So, for all results presented below we used all samples to learn the MGM and
make edge predictions with StARS selected sparsities.
It is important to note that because our method,
StEPS, selects each sparsity parameter independently, so
it incorrectly assumes that the instability of each edge
type is independent of parameters of the rest. Without
this assumption, we would have to perform stability experiments on all combinations of the sparsity parameters. To test if this assumption is reducing the edge
recovery performance of StEPS, we ran StARS on the
non-linear datasets using all 125 possible settings of λcc,
λcd, λdd ∈ {.64, .45, .32, .23, .16}. This search space was

chosen because all of the values selected by the Oracle
or either of the other StARS methods fell in the set
{.64,.32,.16} and additional intermediate values were
needed to compare the relative performance of these
methods. This experiment posed a new problem of how
to monotonize and select the total instability over three
dimensions rather than one. In addition, this experiment
showed that the number of predicted edges in the graph
does not always increase when one of the λ parameters
decreases, even when the other two are held constant.
We found that simply choosing the model with monotonized total instability closest to the user-specified γ
threshold produced poor results. Taking into account
the number of edges predicted across all subsamples for
each parameter setting, as described below, was essential
to producing usable results.
We fist looked at the total instability of the whole graph
^ all ðλcc ; λcd ; λdd Þ.
with all edge types pooled together, D
We monotonized this 3-dimensional matrix across
 all ðλcc ; λcd ; λdd Þ ¼ supλ ;λ ;λ ≤t ; t ;t
each dimension: D
cc cd dd 1 2 3
^
D ðt 1 ; t 2 ; t 3 Þ and selected the setting of λcc, λcd, λdd that
produced subsampled networks with the most edges such
 all ðλcc ; λcd ; λdd Þ≤γ ¼ :05 . Surprisingly, this apthat D
proach performed worse than StEPS on all measures.
MCC, for example, was significantly worse (mean of .845
for the heuristic versus .718 for this method, t-test p =
1.4e-4). We found that the networks produced by this
method were too dense in the continuous-continuous
edges and too sparse in continuous-discrete edges (results not shown). This is the result of averaging the
instability of all edge types: the selected models were
too stable for some edge types and too unstable for
other types. To fix this, we separated the instability
^ cc ðλcc ; λcd ; λdd Þ , D
^ cd ðλcc ; λcd ; λdd Þ and
as before into D
^
D dd ðλcc ; λcd ; λdd Þ , and monotonized as before. Then
we choose λcc, λcd, λdd that produced networks with
 cd
 cc ðλcc ; λcd ; λdd Þ; D
the most edges such that maxðD
 dd ðλcc ; λcd ; λdd ÞÞ≤γ ¼ :05. On 17 of the
ðλcc ; λcd ; λdd Þ; D
20 datasets tested, this approach selected the same
sparsity parameters as our proposed linear parameter
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search method. For the three runs where the two
methods selected different parameters, the cubic search
made better choices than the heuristic. Averaging over
all runs the cubic search performed better than the
heuristic but these results are not significant (e.g., mean
MCC for the cubic search was .850 versus .845 for
StEPS, p = 0.56). These results indicate that the independence assumption made by our heuristic is reasonable and that StEPS performs only slightly worse than a
more theoretically sound cubic search while requiring
much less computation.
Comparison to SCGGM

An important potential application of MGMs is in identifying expression quantitative trait loci (eQTLs) based
on the predicted dependencies between single nucleotide
polymorphisms (SNPs) and mRNA expression. The
sparse conditional Gaussian graphical model (SCGGM)
[22] is a method that addresses this problem specifically.
Like many methods for finding eQTLs, the SCGGM assumes a linear relationship between the number of variant alleles and the mRNA expression level. Thus, the
SCGGM is not technically a mixed graphical model because it treats the SNP allele counts as continuous variables. Another difference is that SCGGM does not
predict discrete-discrete edges, which is also common
among methods for finding eQTLs. Like StEPS, SCGGM
also adopts a strategy of using a separate sparsity penalty
for each edge type. SCGGM uses cross-validation to
search over a two dimensional grid of parameter values
in order to optimize prediction of continuous values
given the discrete values.
First, we examined how our stability method can be
used in SCGGM parameter selection instead of cross
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validation on our synthetic data and we found that
StEPS resulted in significantly higher MCC (p < .01) for
recovery
of
both
continuous-continuous
and
continuous-discrete edge types. To perform a comparison between MGM and SCGGM edge predictions we
used two sets of 20 mixed datasets generated from the
same set of 20 scale-free networks but with parameters
that resulted in either linear or non-linear interactions
between discrete and continuous variables. Figure 3
shows the results of this experiment with StEPS selected
sparsity parameters. As expected, MGM learning performed similarly on the linear and non-linear datasets
because it does not assume linearity. The SCGGM had
similar performance on continuous-continuous edge recovery with both datasets, but significantly worse performance on continuous-discrete edge recovery in the
data with non-linear cd interactions, which resulted in
worse overall performance in that setting.
For these tests we found that when allowing the selection of (different) edge type specific sparsity penalties,
SCGGM chose the same penalty for the cc and cd edges
in 36 out of the 40 datasets; and StEPS chose the same
penalty for the cc and cd edges in 38 out of the 40 datasets, but a different dd penalty in all 40 cases.

Performance of MGM on lung disease data

It is difficult to evaluate the edge recovery performance
of MGM in real clinical datasets since the ground truth
(all associations between variables) is not generally
known. Alternatively, we evaluate MGM performance
indirectly, by (1) recovering the small number of interactions that are known, (2) using external datasets (GO
categories) to see if connected genes have similar

Fig. 3 Comparison of edge recovery performance of MGM and SCGGM on continuous-continuous (cc), continuous-discrete (cd) and both edge
types. Matthews correlation is averaged over 20 simulated datasets with linear continuous-discrete interactions and 20 datasets with non-linear
interactions with error bars ± one standard error. Sparsity parameters for both methods selected by StEPS
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function, (3) performing classification on a target variable in the network (disease diagnosis).
We applied our MGM learning approach to the
LGRC biomedical data (described above). On this data
StEPS selected the same value of λcc, λcd = .2 for an
average instability threshold of γ = .05 and λcc, λcd = .1
for γ = .1. The selection of λdd proved more problematic. Even with γ = .1, λdd was selected to be so high
that only one edge was selected (FEV1-FVC). This issue
is likely caused by the fact that there are only 28 possible edges between the 8 clinical variables, and we expect that many of these variables are connected.
Because of this and the fact that the experiments we
perform below depend more on the continuousdiscrete edges, we set all three penalties to the same
value for our parameter searches in this section.
Recovering known interactions

Figure 4 shows part of the network learned over the lung
(LGRC) dataset with λcc, λcd, λdd = .1. We only show the
nodes adjacent to the clinical variables most relevant for
lung disease: diagnosis, spirometry tests and cigarette
smoking are shown in this graph. This model found a
very strong connection between the FEV and FVC variables. A number of relevant gene expression variables
are linked to diagnosis in this network. IL13 is part of
the family of interleukin signaling molecules, which are
associated with inflammatory response to tissue damage,
and COPD is an inflammatory disease. We also see a
link between diagnosis and MMP7, a previously discovered biomarker for idiopathic pulmonary fibrosis which
is categorized as ILD [23]. A link between diagnosis and
AZGP1, another previously studied marker for COPD
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[25], was also recovered. FGG and CYP1A1 were found
to be linked to cigarette smoking history. CYP1A1 is
known to convert polycyclic aromatic hydrocarbons,
found in cigarette smoke, into carcinogens [26], and
FGG codes for fibrinogen, a marker for inflammation,
which is positively correlated with risk of mortality and
COPD severity [24].
Recovering functional relationships

We also compared the functional relevance of MGM
networks learned with StEPS and those learned by qpgraphs [27] which is another method for learning networks over mixed data. Like SCGGM, qp-graphs do
not attempt to learn edges between two discrete variables, but qp-graphs do not make a linearity assumption about the discrete variables. To assess the
biological relevance of networks learned at different
levels of sparsity, we performed enrichment analyses on
genes with expression variables linked to each clinical
variable. For each group of genes linked to each clinical
variable we counted GO terms with an uncorrected enrichment p < .05. These counts are shown in Fig. 5.
Since each clinical variable represents a phenotype, we
would hope that genes linked to those variables share
similar biological function as measured by functional
enrichment. We would like to choose a value of λ that
maximizes the number of enriched GO terms.
The setting of λ = .1 recovers the most annotations
for diagnosis, FEV1 and FVC, and also corresponds to
an instability threshold of γ = .1. qp-graphs output a
“non-rejection rate” for each edge, which corresponds
to the number of different conditional independence
tests that rejected the presence of each edge. To predict

Fig. 4 Learned sub-network of gene expression and clinical features connected to lung disease diagnosis, lung tests and cigarette smoking.
Nodes are colored by data type, blue for gene expression, red for clinical variables. Edges were filtered by weight with a threshold of .05. Node
size is proportional to the diagonal of the β matrix for continuous variables and ϕyyF for each categorical variable, y
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Fig. 5 Counts of GO terms with uncorrected p < .05 for groups of genes with expression variables linked to each discrete clinical variable in a
MGM networks at different values of λ and b qp-graphs at different values of q. Edge thresholds for qp-graphs were chosen to select similar
numbers of connected genes to an MGM network with λ = .1

edges, this output needed to be thresholded, so we
chose thresholds that produced similar numbers of
edge predictions to λ = .1. While qp-graphs perform
comparably well to MGMs in this test, we found the
learning procedure to be very computationally expensive. On a quad-core laptop, learning a qp-graph with
q = 25 took over 3 h (running time scales linearly with q)
while learning an MGM took 4.4 min on average when
the iteration limit was reached.
Evaluating MGM in classification tasks

We also evaluated MGMs on how well a trained
model can predict the status of a given target variable
and we chose the lung disease diagnosis as a clinically
relevant target variable. The MGM was compared to
SVM and lasso. We optimized the settings of SVM,
lasso and our mixed models to maximize the 8-fold
cross-validation accuracy of predicting lung disease
diagnosis using the 530 expression variables and 7

clinical variables. For SVM, we found that a linear
kernel worked best on this data. For lasso and MGM,
the parameter scan found that λ = 0.05 maximized
this accuracy. Figure 6a shows a comparison between
the optimized classification accuracies of these three
methods. For MGM classification, we expected similar
results to lasso because the conditional distribution of
a discrete variable in the mixed model reduces to a
(multivariate) logistic regression. It is interesting to
see that the generative MGMs are not significantly
different from discriminative lasso and SVM models
in this experiment. While λ = .05 maximized the
cross-validation accuracy for MGMs, Fig. 6b shows
that the StARS selected sparsity values of λ = .1 and
.2 do not perform significantly worse than λ = .05. Ιn
addition, we ran experiments using StEPS with settings of [λcc, λcd, λdd] = [.1, .1, .2] and [λcc, λcd, λdd]
= [.2, .2, .3] which correspond to instability thresholds
of γ = .1 and γ = .05, respectively, and found that

Fig. 6 a 8-fold cross validation accuracies for COPD/ILD classification using different methods b Regularization effects on classification accuracy
(with error bars of 1 standard deviation)
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these changes did not significantly alter classification
performance.

Discussion
Learning graphical models over variables of mixed type
is very important for biomedical research. The most
widely used types of genomic data include continuous
(gene expression, methylation, and protein data) and
discrete (polymorphism and mutation data) variables.
Similarly, clinical variables can be either continuous or
discrete (numerical, categorical, boolean). We are interested in learning graphical models from these heterogeneous data to identify significant interactions between
variables and uncover important biological pathways. As
an added advantage, a learned network and joint probability can be used to ask an arbitrary number of classification questions over the data without the need for
retraining each time [28]. These models would be
broadly applicable to biological network inference, biomarker selection and patient stratification. Although calculating the MGM requires certain distributional
assumptions about the data, the two distributions that
make up the model in this work, a multivariate Gaussian
for the continuous variables and a pairwise Markov random field for discrete variables, are well studied and
have been successfully applied to many types of data.
Additionally, using Gaussian copula methods [29] in
conjunction with MGM learning would allow users to
relax the normality assumption for the continuous data.
Our simulation study strongly supports the need for
separate sparsity penalty for each edge type when learning an MGM. In addition we show the effectiveness of
our extension of the StARS procedure, StEPS, to select
these penalty terms. By using instability estimates from
the single sparsity parameter model to select parameters
for the three parameter model, we are making the assumption that each edge type set is independent from
the others. We showed that StEPS performance under
this independence assumption is comparable to a stability selection procedure that does not make this assumption. The payoff for StEPS is that we can select three
parameters in linear time (over the number of parameter
values searched) rather than cubic time. StEPS is a general methodology, which can be applied to a variety of
mixed distribution settings, and will be especially useful
in problems with many different edge types.
One could argue that StEPS substitutes an arbitrary
setting of λ for an arbitrary setting of the instability
threshold, γ. As Liu et al. point out, γ has a more intuitive meaning than λ, and we feel that setting this threshold compares to the common practice of setting an
arbitrary significance threshold for rejecting the null hypothesis. Our results from applying StEPS to MGMs
highlights the fact that the same setting of γ applies well
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to all edge types while different, edge type specific settings of λ are required for accurate edge recovery. Although it is possible to set the sparsity parameters based
on some prior knowledge of the expected number of
edges in the network, the data driven methods we
present here allow for wide application of MGMs to domains where such knowledge is not available.
Furthermore, we show that our approach to MGM
learning is competitive with a state-of-the-art eQTL
learning method, SCGGMs. Although SCGGMs run faster that our MGMs due to the fact that it treats all variables as continuous, we showed that MGMs have a clear
advantage when the discrete variables have non-linear
relationships with the continuous variables. The assumption of linearity is common in eQTL learning and it
makes sense in the haploid yeast datasets (e.g., [30]) used
in the SCGGM study. In more complex organisms, however, an MGM that can handle non-linear interactions
may be necessary.
While we had difficulty setting the discrete-discrete
edge penalty in the lung dataset, we were still able to
show the utility of MGM based analysis on biological
data. Also, results from our classification experiment
were robust to variation in the setting of this parameter.
We do not expect MGMs to perform better than standard classification methods because the latter minimize
the error of the classification problem (predicting the
target variable given the rest) directly. The pseudolikelihood optimization in the MGM, however, must take into
account the relationships between all of the variables.
Despite this handicap, our results show, however, that
the MGM-based classification is comparable to standard
methods while offering two key advantages: (1) the same
trained MGM can be used to make predictions about
any variable without additional learning, and (2) the
graph structure allows us to look at the second neighbors of the target variable and beyond for possible functional significance.

Conclusions
Mixed graphical models are becoming popular in the
statistics and machine learning literature, and there is a
lot of potential for their application to high dimensional
biological data. We have broached that potential in this
study. We showed that MGMs can accurately learn undirected graphical models over a mixture of discrete and
continuous variables in a high dimensional setting. In
addition, we showed that using a separate sparsity parameter for each edge type in a graph can significantly
improve edge recovery performance. These separate parameters can account for the differences in both the difficulty of learning such an edge and differences in the
sparsity of edge types in the true graph. Finally, we
showed that stability based methods are well suited for
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model selection in this setting and that our method
StEPS allow us to perform a search over the sparsity
penalties in linear time.
Declarations

Publication charges for this article were funded by the
National Institutes of Health (NIH) under award number R01LM012087, U54HG008540 and U01HL108642
for PVB, and award T32 EB009403 for AJS and RMD.
The content is solely the responsibility of the authors
and does not necessarily represent the official views of
the NIH.
This article has been published as part of BMC
Bioinformatics Volume 17 Supplement 5, 2016: Selected
articles from Statistical Methods for Omics Data Integration and Analysis 2014. The full contents of the supplement
are available online at http://bmcbioinformatics.biomedcentral.com/articles/supplements/volume-17-supplement-5.
Abbreviations
AIC: Aikike information criterion; BIC: Bayesian information criterion; CV: crossvalidation; eQTL: expression quantitative trait loci; MCC: Mathews correlation
coefficient; MGM: mixed graphical model; SCGGM: sparse conditional gaussian
graphical model; StEPS: stable edge-specific penalty selection; SVM: support
vector machine.
Competing interests
The University of Pittsburgh has filed a provisional patent application,
which is based partly on the algorithm described here (application
number: 62299477).
Authors’ contributions
AJS and PVB developed the idea, designed the study, interpreted the results
and wrote the paper. AJS developed the algorithm with input from RMD.
AJS, RMD and IS produced the results. All authors have seen and approved
the paper.
Acknowledgements
We thank two anonymous reviewers for constructive comments that helped
us improve this manuscript.

Page 318 of 415

6.
7.

8.

9.
10.
11.
12.
13.
14.
15.

16.
17.
18.

19.

20.
21.
22.
23.

24.

Author details
1
Department of Computational and Systems Biology, University of Pittsburgh
School of Medicine, Pittsburgh, PA, USA. 2Joint Carnegie Mellon
University-University of Pittsburgh PhD Program in Computational Biology,
Pittsburgh, PA, USA. 3Department of Bioengineering, University of Pittsburgh,
Pittsburgh, PA, USA.

25.

Published: 6 June 2016

27.

References
1. Liu H, Roeder K, Wasserman L. Stability Approach to Regularization Selection
(StARS) for high dimensional graphical models. In: Advances in neural
information processing systems. 2010. p. 1432–40.
2. Abeel T, Helleputte T, Van de Peer Y, Dupont P, Saeys Y. Robust biomarker
identification for cancer diagnosis with ensemble feature selection
methods. Bioinformatics. 2010;26(3):392–8.
3. Huang GT, Tsamardinos I, Raghu V, Kaminski N, Benos PV. T-ReCS: stable
selection of dynamically formed groups of features with application to
prediction of clinical outcomes. Pac Symp Biocomput 2015;20:431–42.
4. Sedgewick AJ, Benz SC, Rabizadeh S, Soon-Shiong P, Vaske CJ. Learning
subgroup-specific regulatory interactions and regulator independence with
PARADIGM. Bioinformatics. 2013;29(13):i62–70.
5. Wang W, Baladandayuthapani V, Morris JS, Broom BM, Manyam G, Do KA.
iBAG: integrative Bayesian analysis of high-dimensional multiplatform
genomics data. Bioinformatics. 2013;29(2):149–59.

26.

28.
29.

30.

Lee J, Hastie T. Structure learning of mixed graphical models. J Mach Learn
Res. 2013;31:388–96.
Lauritzen SL, Wermuth N. Graphical models for associations between
variables, some of which are qualitative and some quantitative. Ann Stat.
1989;17(1):31–57.
Fellinghauer B, Bühlmann P. Stable graphical model estimation with
random forests for discrete, continuous, and mixed variables. 2011. arXiv
preprint arXiv.
Chen S, Witten D, Shojaie A. Selection and estimation for mixed graphical
models. In: arXiv preprint arXiv:13110085v2 [statME]. 2014.
Yang E, Baker Y, Ravikumar P, Allen G, Liu Z. Mixed graphical models via
exponential families. J Mach Learn Res. 2014;33:1042–50.
Meinshausen N, Buehlmann P. High-dimensional graphs and variable
selection with the Lasso. Ann Stat. 2006;34(3):1049–579.
Besag J. Statistical analysis of non-lattice data. J R Stat Soc D (The
Statistician). 1975;24(3):179–195.
Friedman J, Hastie T, Tibshirani R. Sparse inverse covariance estimation with
the graphical lasso. Biostatistics. 2008;9(3):432–441.
Efron B. The Jackknife, the Bootstrap, and Other Resampling Plans.
Philadelphia: SIAM; 1982. vol. 38.
Akaike H. Information theory and an extension of the maximum likelihood
principle. In: Selected Papers of Hirotugu Akaike. New York: Springer; 1998.
199–213.
Schwarz G. Estimating the dimension of a model. The annals of statistics.
1978;6(2):461–4.
Zou H, Hastie T, Tibshirani R. On the “degrees of freedom” of the lasso. Ann
Stat. 2007;35(5):2173–92.
Zhao T, Liu H, Roeder K, Lafferty J, Wasserman L. The huge package for
high-dimensional undirected graph estimation in r. J Mach Learn Res. 2012;
13(1):1059–62.
Bollobás B, Borgs C, Chayes J, Riordan O. Directed scale-free graphs. In:
Proceedings of the fourteenth annual ACM-SIAM symposium on Discrete
algorithms. Philadelphia: Society for Industrial and Applied Mathematics;
2003. 132–139.
Matthews BW. Comparison of the predicted and observed secondary
structure of T4 phage lysozyme. Biochim Biophys Acta. 1975;405(2):442–51.
Consortium GO. Gene ontology consortium: going forward. Nucleic Acids
Res. 2015;43(D1):D1049–56.
Zhang L, Kim S. Learning gene networks under SNP perturbations using
eQTL datasets. PLoS Comput Biol. 2014;10(2):e1003420.
Rosas IO, Richards TJ, Konishi K, Zhang Y, Gibson K, Lokshin AE, Lindell KO,
Cisneros J, MacDonald SD, Pardo A. MMP1 and MMP7 as potential
peripheral blood biomarkers in idiopathic pulmonary fibrosis. PLoS Med.
2008;5(4):e93.
Mannino DM, Valvi D, Mullerova H, Tal-Singer R. Fibrinogen, COPD and
mortality in a nationally representative US cohort. COPD: J Chron Obstruct
Pulmon Dis. 2012;9(4):359–66.
Mazur W, Linja-Aho A, Ronty M, Toljamo T, Bergmann U, Kinnula V,
Ohlmeier S. Sputum proteomics identifies New potential markers for
Chronic Obstructive Pulmonary Disease (COPD). Am J Respir Crit Care Med.
2012;185:A3748.
Walsh AA, Szklarz GD, Scott EE. Human cytochrome P450 1A1 structure and
utility in understanding drug and xenobiotic metabolism. J Biol Chem. 2013;
288(18):12932–43.
Tur I, Castelo R. Learning high-dimensional mixed graphical models with
missing values. In: Probabilistic Graphical Models (PGM) 2012: September
19–21, 2012; Granada, Spain. 2012.
Tsamardinos I, Aliferis CF, Statnikov AR, Statnikov E. Algorithms for large
scale markov blanket discovery. In: FLAIRS conference. 2003.
Liu H, Lafferty J, Wasserman L. The nonparanormal: Semiparametric
estimation of high dimensional undirected graphs. J Mach Learn Res. 2009;
10:2295–328.
Brem RB, Storey JD, Whittle J, Kruglyak L. Genetic interactions between
polymorphisms that affect gene expression in yeast. Nature. 2005;
436(7051):701–3.

