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their reliance on first simulating a large training set creates a significant overhead when
applying these methods to discrete stochastic models for which simulation is relatively
expensive. In this T work, we present a method to reduce this computational burden by
leveraging approximate simulators of these systems, such as ordinary differential equa-
tions and t-Leaping approximations.

Results: We have developed an algorithm to accelerate the construction of regres-
sion-based summary statistics for Approximate Bayesian Computation by selectively
using the faster approximate algorithms for simulations. By posing the problem as one
of ratio estimation, we use state-of-the-art methods in machine learning to show that,
in many cases, our algorithm can significantly reduce the number of simulations from
the full resolution model at a minimal cost to accuracy and little additional tuning from
the user. We demonstrate the usefulness and robustness of our method with four dif-
ferent experiments.

Conclusions: We provide a novel algorithm for accelerating the construction of sum-
mary statistics for stochastic biochemical systems. Compared to the standard practice
of exclusively training from exact simulator samples, our method is able to dramatically
reduce the number of required calls to the stochastic simulator at a minimal loss in
accuracy. This can immediately be implemented to increase the overall speed of the
ABC workflow for estimating parameters in complex systems.
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Background

In recent years, stochasticity has been shown to play a crucial role in many molecu-
lar biological processes such as genetic toggle switches [1, 2] and robust oscillators
[3]. Systems biologists will often model these stochastic biochemical reaction systems
using continuous-time, discrete-space Markov Chains [4], which allow one to capture
stochasticity in a system caused by the limited availability of certain reactants, such as
transcription factors. A critical step in building an accurate mechanistic model of these
stochastic systems is calibrating the kinetic rate constants, to experimental data. While
efficient methods exist for parameter estimation using maximum likelihood or Bayesian
inference for similar models, for these discrete stochastic models, the intractability of
the likelihood function forces researchers to rely on the growing class of Likelihood-Free
Inference (LFI) methods [5-7], which depend only on the availability of a model simula-
tor. Recently, Approximate Bayesian Computation (ABC) [8, 9] has become one of the
most popular LFI methods for discrete stochastic models due to its simplicity and dem-
onstrated effectiveness.

Parameter estimation for biochemical systems

In this section, we briefly describe parameter estimation in the context of biochemical
reaction systems. Given a biochemical reaction system describing M reactions among N
biochemical species, a single reaction can be specified in the form

a+8%c.

where f(0) is the kinetic rate function, parameterized by 6, quantifying the rate at which
the reaction occurs. In the common situation where f(0) = 6, it is commonly referred
to as a kinetic rate constant. The dynamics of the reaction system can be described using
numerous mathematical methods such as ordinary differential equations (ODEs), sto-
chastic differential equations (SDEs) and Markov processes. Provided with an experi-
mentally observed dataset, X,, measuring the evolution of the N species over time,
parameter estimation is concerned with calibrating all of the unknown kinetic rate
parameters 6 so that the resulting model replicates the observed data.

A large set of methodologies exist for parameter estimation of biochemical systems,
especially when the dynamics are modeled using ODEs. Extensive reviews of some of
the prominent optimization, metaheuristic, and Bayesian schemes are detailed in [10—
13]. In this work, we are interested in Bayesian parameter estimation when the dynamics
of the biochemical system exhibit intrinsic stochasticity and are modeled using a con-
tinuous time, discrete-space Markov process [4]. The Bayesian approach allows us to
quantify uncertainty in our estimates by using Bayes formula to compute the posterior
distribution over the kinetic rate parameters,

PO1X,) = pXo|0)p©) W
pXo)
A major challenge to this is that the intractability of the resulting likelihood, p(X0), lim-
its algorithms to those in the class of Likelihood-Free Inference (LFI) methods [5-7],
such as Approximate Bayesian Computation, which we present below.
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Approximate Bayesian computation

Given a prior over parameters p(6) and a stochastic simulator p(X|6), Approximate Bayes-
ian Computation (ABC) approximates the posterior distribution p(6|X) o« p(X|6)p(6)
using only forward simulations and without computing the likelihood [8]. The basic Rejec-
tion ABC is presented in Algorithm 1.

Algorithm 1: Rejection ABC
Input: simulator model p(6, X), distance function d, observed dataset X,,

tolerance ¢, N posterior samples

Output: {0;}n ~ p(0]X)
samples = {};
while length(samples) < N do

Sample from the prior 6§ ~ p(0);

Draw a simulation X ~ p(X|0);

if d(X,,X) < € then

| samples = samples |J 6
end

end

When X is high dimensional, comparing exact trajectories often results in very low
acceptance rates due to the curse of dimensionality. For this reason, it is standard practice
to trade bias for efficiency by first reducing the dimensionality of X using a set of summary
statistics, S(X), and subsequently comparing trajectories using d(S(X,), S(X)), where d is
a user selected distance function. This can lead to much higher acceptance rates, however,
selection of an appropriate S(X) for any given model can be difficult.

Regression-based summary statistics
The performance of ABC is highly dependent on having an effective set of summary sta-
tistics for the experimental data, which becomes increasingly difficult for domain experts
to hand-select as the dimensionality of the problem grows [8]. For stochastic biochemi-
cal reaction systems, where data is often in the form of sample paths of molecular species
over time, this is a common issue due to complexity of trajectories where simple means and
correlations may not effectively capture the features. For this reason, significant focus has
recently been given to the automatic learning of summary statistics from model simula-
tions, which we will refer to as regression-based summary statistics.

Fearnhead and Prangle [14] formulate the problem of regression-based summary statis-

tics for ABC as a least squares estimation of the posterior mean:

S(X) = E[0]X] = fo (X) (2)
01X ~ N(fo(X), 1) 3)
0 =fo(X) +e, (4)

where fop is an arbitrary expressive function and € is standard normal noise.
The parameters of fo are fit using maximum likelihood on a simulated dataset
D = {(60,Xo) - .. (On,Xn)} drawn from the model p(6, X). While initially proposed as
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a linear fo(X) for each parameter, nonlinear Neural Network architectures have shown
promise in producing accurate results [15]. For discrete stochastic models, Akesson
et al. [16] show that Convolutional Neural Networks (CNNs) tend to outperform other
architectures. The general procedure for this is detailed in Algorithm 2.

Algorithm 2: Constructing a Summary Statistic

Input: prior p(f), SSA simulator p(X|¢), N samples
Output: calibrated S(X) = f(X)
samples = {};
fori=1:N do
Sample from the prior 6 ~ p(0);
Draw a trajectory X ~ p(X|0);
samples = samples |J (6, X)
end
Train S(X) = E[0|X] = fe(X) using samples.

A major bottleneck of regression-based summary statistics is their requirement to
first draw a large number of simulations N to train accurate summary statistics. For dis-
crete stochastic models which rely on expensive simulators such as Gillespie’s stochastic
simulation algorithm (SSA) [17] for generating exact trajectories, this step introduces
a significant overhead in ABC. Fortunately, many faster approximate simulators exist
for biochemical reaction systems, such as Ordinary Differential Equations (ODEs) in
the form of the reaction rate equations (RRE), the Chemical Langevin Equation (CLE)
[18], or 7-Leaping [19]. However, training a regression-based summary statistic using an
approximation will inevitably lead to bias due to the unknown approximation error as
the summary statistics will learn incorrect features.

In this work we propose to use data driven machine learning models to train approxi-
mate summary statistics for discrete stochastic models using a mix of samples from an
approximate simulator and the SSA. This is done with the aim of significantly lowering
the computational cost while also mitigating the potential introduced bias in a black-
box way. The key insight used for this is that, although the quality of an approximate
simulator can vary significantly as we move around parameter space, in many parts it
is sufficiently accurate, but also often unknown. To take advantage of this, we train an
approximate ratio estimator to inform when the approximation is significantly different
and thus when we need to simulate using the SSA to prevent bias. In the following, we
demonstrate the ability for our algorithm to effectively reduce the number of expensive
SSA calls made, while maintaining accuracy of the learned summary statistics.

Related work

The use of multifidelity simulators for Approximate Bayesian Computation has been
explored, but under the assumption of the existence of a set of summary statistics.
Prescott and Baker [20] construct a similar decision process for using multifidelity sim-
ulators within ABC-MCMC and ABC-SMC algorithms. In their method, they derive
optimal continuation probabilities from a set of assumptions, while we take the more
black-box approach of using Deep Neural Networks and approximate ratio estimators.
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Approximate Likelihood Ratios have been used to perform likelihood free inference
within both an MCMC and an ABC framework [21-24]. These works have mainly
focused on estimating the likelihood ratios within a single model at different parameter
points, whereas our focus is on estimating the likelihood ratio between approximate and
full models.

Results

Approximate summary statistics overview

The goal of our algorithm is to reduce the computational cost of constructing a set of
regression-based summary statistics for ABC by leveraging the availability of a single
approximate simulator. This is accomplished by our algorithm in two major steps. First, a
ratio estimator is trained to distinguish between approximate and SSA trajectories using
M samples from both simulators. Next, to train the summary statistic, N — M additional
samples from the approximate simulator are drawn and passed through the ratio esti-
mator. If the ratio estimator falls below a certain threshold, indicating that it is signifi-
cantly different than the true model, we resample it using the full simulator, preventing
unnecessary resamples from the costly SSA. For complete details see “Methods” and
Algorithm 3.

Experiments

To assess the computational savings of our method, we evaluate our method on four dis-
crete stochastic models of varying complexity and compare to the baseline Algorithm 2
which uses no approximate simulations. We report the total number of SSA calls used to
train a summary statistic as opposed to wall clock time due to the highly parallelizable
nature of the problem. The baseline method utilizes N SSA calls but produces the most
accurate summary statistic by definition. Accuracy of the resulting summary statistic is
evaluated using normalized posterior mean absolute error Ey [16] on a large hold out
test set of SSA trajectories. We briefly explain Ey in the following section.

For each experiment, we denote X for trajectories that are simulated from SSA and X
for trajectories simulated from the approximation. Each trajectory is also labeled with
Y = {0,1} where Y = 1 indicates that the trajectory came from the SSA simulator and
Y = 0 indicates that the trajectory came from the approximate simulator. Errors are
reported using 30 replications of training and evaluation. We also plot the predictions of
the trained approximate ratio classifier on samples drawn from the approximate simula-
tor for each experiment. The output of this is interpreted as the probability, under the
trained ratio estimator, that the approximate trajectory X at 6 came from the SSA model,
P(Y = 1|X,6). Values near 0 or 1 inform the decision to resample using the SSA model,
as we know that the true class label for X is Y = 0. Probabilities near 0.5 indicate that
the ratio estimator cannot distinguish between SSA and approximate samples and the
approximate does not need to be resampled. Complete details for each experiment can
be found in the Supplementary Materials.

All experiments were conducted using the StochSS and gillespy2 [25] packages for
simulating biochemical reaction systems. Specifically, for our approximate simula-
tors, ODE trajectories were generated using the adaptive LSODA integrator [26] and
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r-Leaping trajectories were generated using the adaptive 7-Leaping algorithm of [27]
under the default package parameters of gillespy2.

Normalized posterior mean absolute error Eq,
We evaluate the performance of our experiments using the normalized posterior mean
absolute error Eg, [16], which is defined as,

_ Eoep)l6 — 0|

Ey = iy
Egepo)l6 — 0|

In this setup, 6 is the posterior mean and @ is the prior mean. This quantity can be
approximated for a uniform prior U(a, b) over a set of N test points as

4 1 ~
Ey ~ b_aN Z |6; — 6;1,

where 6; is obtained using the regression based summary statistic, which is trained to
predict the posterior mean.

Ey aims to quantify the information gained in the posterior distribution. A value of
Ey = 1indicates no information gained while values of Ey, < 1 indicate relative accuracy
improvements. The true value of this quantity depends on the informativeness of obser-
vations, which is unknown in general for most problems. For this reason, the quality of
different summary statistics are compared relative to each other under the assumption
that the SSA trained summary statistic is maximally informative and the ground truth.

Pure-birth process

The Pure-Birth Process, or homogenous Poisson Process, is a trivial example where the
likelihood is tractable and the 7-Leaping approximation produces exact trajectories for
all parameter values. In a biochemical system, the pure-birth process represents the
spontaneous generation of a molecular species at a fixed rate, which, while simplis-
tic by itself, is often a fundamental component in more complex models. The model is
described by a single parameterized reaction where S denotes an arbitrary biochemical

species:
¢ — S,

with initial condition of Sp = 0. We assign a wide uniform prior k ~ ¢/(0,10000) and
observe the process at times ¢t = {0 : 100 : 1}. Though trivial, this example explores the
ability to learn the correct approximate ratio-estimator, which should always predict
around 0.5 due to the exactness of the approximation.

Figure la shows the output of the approximate ratio estimator trained on only
M = 300 samples from the parameter space and evaluated on 5000 samples from the
approximate model. The concentration around 0.5 indicates that the ratio estimator is
able to detect that the two models evaluate the same likelihood. Indeed, in Fig. 1b, we
see that the posterior distributions using summary statistics trained via only r-Leaping
samples or only SSA samples are effectively the same. In this situation, we use a very
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Fig. 1 Calibrated Ratio Estimates for the Pure Birth Process a The trained ratio estimator captures that the
T-Leaping approximation is exact, assigning a probability of 0.5 to all samples. b The posterior from both
summary statistics captures the ground truth

small amount of samples from the SSA model to build the ratio estimator but otherwise

rely entirely on the r-Leaping approximation for no loss in accuracy.

Lotka-volterra stochastic oscillator

A more challenging and commonly used test problem is the Lotka-Volterra stochastic
oscillator. This model describes predator-prey population dynamics and can be mod-
elled as a discrete stochastic system. With S representing the count of predators and S
representing the count of prey, the system is specified via the following set of reactions:

k
S48 as s 2

S M o5, S48 23S,

with initial populations of S1(0) = 50, S2(0) = 100. We assign priors,

log(k1) ~U(—6,2) log(ky) ~U(—6,2)
log(ks) ~U(—6,2) log(ks) ~U(—6,2),

and observation frequency following [28] and select a deterministic ODE as our approxi-
mating simulator. A key characteristic of this model is that, over the specified prior, only
a small region of parameter space leads to consistent oscillations in both the ODE and
the SSA models. In most other regions, population explosions are the typical behavior.
We train the ratio estimator using M = 3000 samples and train the summary statistic
with N = 10° samples. Eq, is evaluated using 300000 hold out SSA test samples.

As shown in Fig. 2a, the trained ratio estimator assigns significant mass around 0.5 but
with heavy tails, suggesting that some proportion of samples should be resampled using
SSA for better accuracy. Figure 2b shows the sensitivity of Ey as we increase the pro-
portion of SSA samples according to the ratio estimator. In this case, the error rapidly
reduces to the level of the full SSA summary statistic by introducing only 1.5% of SSA
samples. Assigning an insufficient proportion of SSA samples leads to significantly larger
errors.

Figure 2c shows the posterior distribution of the trained summary statistics for a
set of observations in the oscillatory regime. All three posteriors are able to capture
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Fig. 2 Trained Ratio Estimates for the Lotka-Volterra Stochastic Oscillator a The trained P(Y =1 IX,6) for the
Lotka-Volterra easily classifies many cases, indicated by the peak at the left tail, but remains uncertain for the
majority. b As the proportion of included SSA calls increase using the ratio estimator, the error quickly falls.
Note the nonlinear x-axis, suggesting a very stiff decline in error. ¢ Posterior marginals for the four parameters
shows that all three summary statistics are able to perform roughly equivalently in the oscillating region

the true parameters, indicating that for certain parts of parameter space, the ODE
and the approximate ratio summary statistic can perform just as well as the SSA
trained summary statistic. However, the lower Ey indicates that globally the mixed
summary statistics may perform better. Of note in this example is that, despite the
ODE being deterministic, we still obtain good results, demonstrating the robustness
of the method to having a perfectly precise ratio estimator.

Comparison to random

To evaluate the benefit provided by the ratio estimator, we compare summary sta-
tistics trained via our ratio estimator method to summary statistics trained by ran-
domly re-sampling a fixed proportion of approximate samples to SSA samples on the
Lotka-Volterra model. Under this setting, each summary statistic is trained using the
same proportion of expensive stochastic simulations however how the trajectories
are selected differ.

Table 1 shows the Ey as we increase the proportion of SSA trajectories under these
two methods. We see that, while the randomly trained summary statistic is capa-
ble of producing comparable results to our ratio estimator approximate summary
statistic, it is far less robust, especially when the proportion is small. This can be
explained because as we include more random samples, the chance of randomly
including the same samples as the ratio estimator becomes much higher. For the
Lotka-Volterra model, as it does not require many SSA samples to obtain good per-

formance, as seen from our experiments, this happens relatively quickly.
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Table 1 Approximate Summary Statistic Median £, for Lotka-Volterra for 100 iterations with 90%

intervals
% of SSA samples Random £, Ratio estimator £,
0.25 1.22[0.44,2.47] 0.5310.42,1.12]
0.75 0.60 [0.43, 1.89] 046 [0.42,0.85]
15 0461[042,1.19] 0451[042,0.71]
40 0461[0.42,0.87] 0461[0.42,0.70]
0.65
. 30000
3 & 0.60
“ 20000
0.55
10000 0.50 .
00 02 04 06 08 1.0 tau ssa mixed
P(Y = 1|)~(’ 6) Training Dataset
(a)Ratio Estimates (b)E% vs. Dataset Composition
Fig. 3 Trained Ratio Estimates for the Genetic Toggle-Switch a The trained P(Y = 11X, 6) can easily classify
most of the cases. b The £q, error only slightly increases by using our mixed training set but still reduces SSA
calls significantly

Genetic toggle-switch

The Genetic Toggle-Switch is a model for a biological system which exhibits stochastic
switching behavior at low-population counts [29]. With U and V representing two bio-
chemical species which mutually repress the other, the system is described by the follow-

ing set of reactions:

o1 ay
1+VP TV

o u o™y

uLoe v=ioe.

For our study, we set the initial conditions to i = 10, V' = 10, assign the following priors

to the parameters,

0[1""“(0,3) Olz"VZ/{(O,g)
B~UWO3) y~UO3) n~UO3),

and use an adaptive r-Leaping solver [27] as our approximate simulator, which in this
model produces trajectories with consistently higher population counts than the SSA
model. Since these differences correspond to areas that have small population counts,
the difference in ensemble results are significant. We train the ratio estimator using
M = 5000 and train the summary statistic using a budget of N = 10°. Eq, is evaluated
using 300000 hold out SSA test samples.

Figure 3a shows the predicted ratios for all 10° low-fidelity samples after training, indi-
cating that the classifier can easily distinguish the correct class of most of the r-Leaping
samples. However, as there is still mass near 0.5, using a very small p = 0.01, we are able
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to reduce the number of SSA calls by 50% while only losing 2% in Ey. Under this prior,
though most of the parameter space leads to small population counts, significant por-
tions lead to growth in the populations of U and V, where the 7-Leaping approximation
is more accurate. The trained ratio estimator is able to capture this difference and pre-
vent expensive resampling.

Vilar oscillator

To investigate our method on a larger problem with a questionable approximation, we
look at a stable stochastic genetic oscillator [3] modelling a circadian clock. The sys-
tem is defined with 9 species and 18 reactions controlled by 15 rate constants, and is
designed to produce robust oscillations in the presence of intrinsic noise. See the Appen-
dix for further details for the reactions of this model. The Vilar Oscillator is a challenging
problem for inference due to oscillations of a certain amplitude being localized to small
region of parameter space coupled with the large prior space. We use an ODE model
with log-normal noise as our approximation and only observe species C, A, and R of
the system. Under the observational settings for this model, the parameters are generally
poorly identified [16]. The ratio estimator is trained using M = 10000 and the summary
statistic is trained using N = 200000. Ey, is evaluated using 300000 hold out SSA test
samples.

Figure 4a shows that the trained approximate ratio estimator is able to easily classify
most of the ODE solutions with added noise, suggesting that the ODE model is a fairly
poor approximation. While this model is robust to noise and the mean is captured well
by the ODE, at the same time, the log-normal noise does not properly capture the vari-
ance and the ratio estimator is able to distinguish the two. This is potentially also useful
to diagnose whether an approximation is appropriate to study the model. Nevertheless,
due to the addition of noise, the ratio estimator remains uncertain about some areas and,
using a p = 0.1 corresponding to the ratio estimator, we are still able to reduce the num-
ber of SSA calls by 45% and obtain a similar Ey to that of the full SSA dataset as seen in
Fig. 4b. This shows that, even when the approximation is poor, computational savings
can still be accomplished while maintaining accuracy by intelligently selecting resamples
according to the ratio estimator.

0.76
80000
0.74
60000
2 & 0.72
“ 40000
20000 0.70
A ————
. g i =
0.0 0.2 0.4 0.6 0.8 1.0 ode ssa mixed
P(Y = 1|X',0) Training Dataset
(a)Ratio Estimates (b)E% vs. Dataset Composition
Fig. 4 Trained Ratio Estimates for the Vilar Oscillator a The trained P(Y = 1 1X,0) can easily classify most of
the cases. b The Eqg, error only slightly increases by using our mixed training set but still reduces SSA calls
significantly
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Table 2 Ratio-estimated approximate summary statistic SSA calls

Total simulations Approximate total SSA % Approximate
calls reduction in SSA
calls
Pure-Birth 30000 0 — 100%
Lotka-Volterra 100000 10000 — 90%
Genetic Toggle-Switch 100000 50000 — 50%
Vilar Oscillator 200000 110000 — 45%

Table 3 Approximate summary statistic average Fo,

Approximate only SSA Mixed % Change in £,
Lotka-Volterra 145 046 048 —43%
Genetic Toggle-Switch 0.71 047 049 —21%
Vilar Oscillator 0.74 0.68 0.69 —1.5%

Discussion

Tables 2 and 3 summarize the primary results for all of the experiments. The results
report the average Ey over 30 replications. Notably, in each case, using our method we
are able to train a summary statistic using significantly fewer expensive SSA calls with
only a small loss in accuracy. Overall the trained ratio estimator is able to detect when
the approximate simulator is good and thus when to lean heavily into the approximate

simulator for training.

Practical implementations
While a precise ratio estimator will inevitably lead to an accurate algorithm, we find that
in many cases, the ratio estimator for training a summary statistic does not need to be
incredibly accurate. In fact, a very expressive ratio estimator may overfit to noise and
lead to perfect classification while less expressive ratio estimators can produce a similar
level of accuracy in the summary statistic. This is most apparent when we use an ODE as
an approximation, where the ratio estimator can quickly learn to discriminate based on
the smoothness of solutions. Nevertheless, this can still be useful for summary statistics,
as approximate models can often still represent the high-level features. In our examples,
we use a variety of Neural Network architectures to learn the ratio estimator, but we
find that often, a simple DNN suffices to obtain similar results. For the Lotka-Volterra
ODE model, we use a DNN to prevent overfitting to noise, as mentioned above. We use
a CNN architecture similar to [16] for the other models where the approximation is sto-
chastic, and suggest a similar approach based on the approximate simulator used.
Selecting the number of samples M to train the ratio-estimator is important both
for the efficiency and accuracy of our method. In general, M depends on how sensi-
tive the output of the model is through parameter space. If the model exhibits heavily
varies throughout parameter space, M would naturally need to be larger to capture
this. In Fig. 5, we show the performance of the approximation trained summary sta-
tistics as we change the number of initial samples M for the Lotka-Volterra model.
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While this is highly model dependent, we can see that in this case, the number of
samples does not need to be high to obtain good accuracy for the summary statis-
tic. As the approximation is relatively accurate and behavior does not rapidly change
through parameter space, we only need to add full simulations from a few locations to
obtain an accurate ratio estimator. After which, larger M only marginally changes the
accuracy or robustness of the summary statistic.

In selecting p, we are trying to maximize accuracy while minimizing the number
of SSA samples. An effective heuristic is to simulate a large batch of cheap, approx-
imate trajectories, pass it through the ratio estimator, and choose p to capture the
first major mode in the distribution. For the Lotka-Volterra model, Fig. 2a would sug-
gest to set p around 0.01. Empirically, we find that setting the threshold quite low
and effectively only correcting for the worst cases can still produce effective summary
statistics. Optimal selection of p is something to investigate in the future, as it repre-
sents a key computational trade-off. One possibility is to use Bayesian Optimization
to build an estimate of f—?% = f(p) [30]. As each individual experiment may be expen-
sive for simulation, this can lead to a more efficient hyper-parameter search technique
than grid-search. Furthermore, as p is a cut-off, computation can be accelerated for
hyper-parameter tuning by saving simulations and re-using them for training sum-
mary statistics, only simulating more if necessary.

Learning an approximate ratio-estimator via binary classification, while gener-
ally an easier task than learning summary statistics, can be expensive if the param-
eter space is very sensitive or very high dimensional. In these cases, to distinguish
between models we may need to set M to a large number to get the precision needed.
In our examples, we are able to use a much smaller number of samples than needed
to train the summary statistic. As model complexity increases, the number of training
samples needed to learn a good ratio estimator will likely increase. One possibility to
save some computational cost is to pre-train the first layers of the ratio-estimator to
be an encoder, and then fine-tune the encoder layers to learn the summary statistic.

Page 12 of 17
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This would act as a semi-supervised algorithm [31] that may be useful for learning a
good summary statistic.

Conclusions

We have presented a method to utilize approximate simulators together with exact sim-
ulators of discrete stochastic reaction models to train summary statistics for ABC. Using
advances in Machine Learning and approximate ratio estimators, we demonstrate that
when properly calibrated, we can significantly reduce the number of expensive SSA calls
required for learning a summary statistic. Using four examples of reaction systems, we
showed that significant computational savings can be achieved while preserving accu-
racy of approximate summary statistics.

In this work we have focused on utilizing only a single approximation at a time. In
practice, there are numerous approximations available for the same model of varying
accuracy. Extending this method to choose between different levels of approximations
could further reduce the number of full SSA calls needed, even in cases where one of the
approximations is sufficiently poor in all regions.

Methods

Approximate summary statistics

Given access to an approximate simulator ¢(X|0) and the full SSA simulator p(X|0) for
a given discrete stochastic biochemical system, our goal is to train a summary statis-
tic according to (2) that utilizes as many approximate samples as possible, while miti-
gating the bias in doing so. We assign a computational budget of N total simulations
and assume that the approximate simulator is much faster to simulate from than SSA.
For discrete stochastic models, this assumption is accurate much more often than not.
As the approximation error is often non-trivial, training a summary statistic using only
approximate trajectories will likely lead to bias depending on the problem.

Constructing an approximate dataset for training via likelihood ratios

Our approach to solving this problem is to treat each sampling step as a decision on
whether the approximate simulation is sufficient. Specifically, suppose that for each sam-
ple, we draw 8 ~ p(6) and then simulate from the approximate simulator X ~ q()~( |6).
The sample X will induce bias in training S(X) if at 6, g(X|6) is significantly different
from the full SSA simulator p(f( |0). Intuitively, to avoid this bias, we will need to resam-
ple, X ~ p(X|0) and discard X. Computational savings will be attained if, in a substantial
portion of parameter space, the approximate simulator yields a good approximation to
that of SSA.

We quantify the difference between the two models using the likelihood ratio between
the SSA model and the approximate model evaluated at the approximate sampled trajec-
tory X and 6:

s pX10)

X,0) &2~ 5
0= &) 2

This can be seen as conducting a hypothesis test at each step to determine whether there
is sufficient evidence to distinguish which simulator the trajectory came from. If at a
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given 6 and X, we cannot distinguish whether it came from the approximation or the
full model, using the approximate simulation should induce little bias. If the two models
produce the exact same likelihood, we would expect a value of 1, expressing indifference
between the two. Most importantly, evaluating this ratio often requires simulating only
from the approximate simulator, requiring a call to SSA only if we are not confident in
the approximate trajectory.

Unfortunately, for discrete stochastic biochemical models, this ratio is unavailable due
to the intractability of the likelihood. However, using recent advances in machine learn-

ing, we can construct powerful approximations to the likelihood ratio.

Algorithm 3: Constructing a Summary Statistic with Approximate Simu-
lators
Input: prior p(#), SSA simulator p(X|60), approximate simulator ¢(X10), M

ratio-samples, N samples, tolerance range p, trainable summary
statistic function fg(X), trainable summary statistic function
9y(X,0)

Output: trained S(X) = fo(X,0)

ratio_samples = {};

fori=1:M do

Sample from the prior 6 ~ p(6);

Draw a trajectory

Draw a trajectory X ~ ¢(X|0);

ratio_samples = ratio_samples |J {(Y = 1, X, 0), (Y =0, X,6)}

end

Train 7#(X,6) = p(Y = 1|X,0) = g4 (X, 0) from (8) using ratio_samples;
// Initialize summary statistic training set with previously
simulated SSA trajectories

samples = {(X1,601),... (Xn,0m)};

for i =M : N do

Sample from the prior 6 ~ p(6);

Draw a trajectory X ~ q(X|);

if #(X,0) < p or #(X,0) >1— p then
Draw a trajectory X ~ p(X|6);
samples = samples | (6, X);

else

‘ samples = samples |J (6, X);

end

end
Train S(X) = E[0|X] = fo(X) using samples.
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Approximate ratio estimation

Although the likelihood ratio in (5) cannot be directly computed, recent work has
shown that it can be well approximated by using a binary classifier to distinguish
between samples from the two different models [22, 23, 32]. Specifically, suppose
we assign labels Y =1 to trajectories X ~ p(X|0) and Y =0 to trajectories from
X ~ q(X|0). If we have access to a probability p(Y = 1|X, 0), the likelihood ratio is
directly related via:

p(X10)

P =1X00="50) + a0x16) (©)

2 PXIO) _ p(Y =11X,6)

rO = X8 T T—p¥ = 1X.0)° @

As we do not have access to p(Y = 1|X,6), we must approximate it. Recent advances
in deep learning have demonstrated how to build powerful approximations to
p(Y = 1]|X,0) despite the dimensionality of the trajectories X. Letting gy (X,6) be an
arbitrarily complex function with inputs X and 6 parameterized by ¥, such as a deep
neural network, we can approximate the probability using:

) o
b =100 = 6000 = (TR ®

Y ~ Bernoulli(¢ (X, 6)) )
with dataset
D = {(61, X1, 1), (01, X1,0), ..., Oar, Xar, 1), Oar, Xar, 0)).

Despite the need to train a ratio estimator, the binary classification task is easier than
the regression task, allowing us to use fewer training samples than for training the sum-
mary statistic. The parameters of gy are estimated via maximum likelihood. With this
initial step, we describe the full summary statistic training procedure in Algorithm 3. As
p(Y = 1]X,0) is directly proportional to 7(X, 6), we use the probability as a more inter-
pretable surrogate within the algorithm.

Implementations of this algorithm and replications of the experiments can be found
at https://github.com/rmjiang7/approximate_summary_statistics.

Abbreviations

ABC: Approximate Bayesian Computation; LFI: Likelihood-Free Inference; ODE: Ordinary differential equation; CNN:
Convolutional Neural Network; SSA: Gillepsie’s Stochastic Simulation Algorithm; £,,: Normalized posterior mean absolute
error; U: Uniform distribution; DNN: Deep Neural Network; ABC-MCMC: Approximate Bayesian Computation-Markov
Chain Monte Carlo; ABC-SMC: Approximate Bayesian Computation-Sequential Monte Carlo.

Supplementary Information
The online version contains supplementary material available at https://doi.org/10.1186/512859-021-04255-9.

Additional file 1. Experimental Details. Details for all of the models used in the experiments along with configura-
tions for all of the Neural Networks.



https://github.com/rmjiang7/approximate_summary_statistics
https://doi.org/10.1186/s12859-021-04255-9

Jiang et al. BMC Bioinformatics (2021) 22:339 Page 16 of 17

Acknowledgements
The author would like to acknowledge Dr. Brian Drawert (University of North Carolina at Asheville) for helpful comments.

Authors’ contributions
RMJ, FW, and PS conceptualized the work. RMJ ran the analysis and wrote the paper. AH and LRP advised the work. All
edited and revised the paper. All authors have read and approved the manuscript.

Funding

The authors acknowledge research funding from NIBIB Award No. 2-R01-EB014877-04A1. The content of the information
does not necessarily reflect the position or the policy of the funding agency, and no official endorsement should be
inferred.

Availability of data and materials
Code for replicating the experiments and methods can be found at https://github.com/rmjiang7/approximate_summa
ry_statistics.

Declarations

Ethics approval and consent to participate
Not applicable.

Consent for publication
Not applicable.

Competing interests
The authors declare that they have no competing interests.

Author details
'Department of Computer Science, University of California, Santa Barbara, Santa Barbara, USA. ’Department of Informa-
tion Technology, Uppsala University, Uppsala, Sweden.

Received: 2 December 2020 Accepted: 10 June 2021
Published online: 23 June 2021

References

1. Elowitz MB, Levine AJ, Siggia ED, Swain PS. Stochastic gene expression in a single cell. Science.
2002;297(5584):1183-6.

2. McAdams HH, Arkin A. It'sa noisy business! genetic regulation at the nanomolar scale. Trends Genet.
1999;15(2):65-9.

3. Vilar JM, Kueh HY, Barkai N, Leibler S. Mechanisms of noise-resistance in genetic oscillators. Proc Nat Acad Sci.
2002;99(9):5988-92.

4. Gillespie DT. A rigorous derivation of the chemical master equation. Physica A. 1992;188(1-3):404-25.

5. Daigle BJ, Roh MK, Petzold LR, Niemi J. Accelerated maximum likelihood parameter estimation for stochastic bio-
chemical systems. BMC Bioinform. 2012;13(1):68.

6. Schnoerr D, Sanguinetti G, Grima R. Approximation and inference methods for stochastic biochemical kinetics-a
tutorial review. J Phys A Math Theor. 2017;50(9):093001.

7. Warne DJ, Baker RE, Simpson MJ. A practical guide to pseudo-marginal methods for computational inference in
systems biology. J Theor Biol. 2020;496:110255.

8. Sisson SA, FanY, Beaumont M. Handbook of Approximate Bayesian Computation. London: CRC Press; 2018.

9. Del Moral P, Doucet A, Jasra A. An adaptive sequential monte Carlo method for approximate Bayesian computation.
Stat Comput. 2012;22(5):1009-20.

10. Moles CG, Mendes P, Banga JR. Parameter estimation in biochemical pathways: a comparison of global optimization
methods. Genome Res. 2003;13(11):2467-74.

11. Nobile MS, Tangherloni A, Rundo L, Spolaor S, Besozzi D, Mauri G, Cazzaniga P. Computational intelligence for
parameter estimation of biochemical systems. In: 2018 IEEE congress on evolutionary computation (CEC), 2018; pp.
1-8. IEEE

12. Ballnus B, Schaper S, Theis FJ, Hasenauer J. Bayesian parameter estimation for biochemical reaction networks using
region-based adaptive parallel tempering. Bioinformatics. 2018;34(13):494-501.

13. Fréhlich F, Kaltenbacher B, Theis FJ, Hasenauer J. Scalable parameter estimation for genome-scale biochemical reac-
tion networks. PLoS Comput Biol. 2017;13(1):1005331.

14. Fearnhead P, Prangle D. Constructing summary statistics for approximate Bayesian computation: semi-automatic
approximate Bayesian computation. J R Stat Soc Ser B (Stat Methodol). 2012;74(3):419-74.

15. Jiang B, Wu T-Y, Zheng C, Wong WH. Learning summary statistic for approximate bayesian computation via deep
neural network. Stat Sin. 2017;27:1595-618.

16. Akesson M, Singh P, Wrede F, Hellander A. Convolutional neural networks as summary statistics for approximate
bayesian computation. arXiv preprint arXiv:2001.11760 (2020).

17. Gillespie DT. Exact stochastic simulation of coupled chemical reactions. J Phys Chem. 1977;81(25):2340-61.

18. Gillespie DT. The chemical Langevin equation. J Chem Phys. 2000;113(1):297-306.


https://github.com/rmjiang7/approximate_summary_statistics
https://github.com/rmjiang7/approximate_summary_statistics
http://arxiv.org/abs/2001.11760

Jiang et al. BMC Bioinformatics (2021) 22:339 Page 17 of 17

19. Rathinam M, Petzold LR, Cao Y, Gillespie DT. Stiffness in stochastic chemically reacting systems: the implicit tau-
leaping method. J Chem Phys. 2003;119(24):12784-94.

20. Prescott TP, Baker RE. Multifidelity Approximate Bayesian Computation with Sequential Monte Carlo Parameter
Sampling (2020). arXiv:2001.06256

21. Hermans J, Begy V, Louppe G. Likelihood-free mcmc with amortized approximate ratio estimators. arXiv preprint
arxiv:1903.04057 (2019).

22. Thomas O, Dutta R, Corander J, Kaski S, Gutmann MU. Likelihood-free inference by ratio estimation. Bayesian Anal.
2020. https://doi.org/10.1214/20-BA1238.

23. Cranmer K, Pavez J, Louppe G. Approximating likelihood ratios with calibrated discriminative classifiers. arXiv pre-
print arXiv:1506.02169 (2015).

24. Brehmer J, Louppe G, Pavez J, Cranmer K. Mining gold from implicit models to improve likelihood-free inference.
Proc Nat Acad Sci. 2020;117(10):5242-9.

25. Drawert B, Hellander A, Bales B, Banerjee D, Bellesia G, Daigle BJ Jr, Douglas G, Gu M, Gupta A, Hellander S, et al.
Stochastic simulation service: bridging the gap between the computational expert and the biologist. PLoS Comput
Biol. 2016;12(12):1005220.

26. Petzold L. Automatic selection of methods for solving stiff and nonstiff systems of ordinary differential equations.
SIAM J Sci Stat Comput. 1983;4(1):136-48.

27. CaoY, Gillespie DT, Petzold LR. Efficient step size selection for the tau-leaping simulation method. J Chem Phys.
2006;124(4):044109.

28. Papamakarios G, Nalisnick E, Rezende DJ, Mohamed S, Lakshminarayanan B. Normalizing flows for probabilistic
modeling and inference. arXiv preprint arXiv:1912.02762 (2019).

29. Gardner TS, Cantor CR, Collins JJ. Construction of a genetic toggle switch in Escherichia coli. Nature.
2000;403(6767):339-42.

30. Snoek J, Larochelle H, Adams RP. Practical bayesian optimization of machine learning algorithms. arXiv preprint
arxiv:1206.2944 (2012).

31. Kingma DP, Mohamed S, Jimenez Rezende D, Welling M. Semi-supervised learning with deep generative models. In:
Ghahramani Z, Welling M, Cortes C, Lawrence N, Weinberger KQ, editors. Advances in neural information processing
systems, vol. 27. Curran Associates, Inc.; 2014. p. 3581-9.

32. Goodfellow |, Pouget-Abadie J, Mirza M, Xu B, Warde-Farley D, Ozair S, Courville A, Bengio Y. Generative adversarial
nets. In: Ghahramani Z, Welling M, Cortes C, Lawrence N, Weinberger KQ, editors. Advances in neural information
processing systems, vol. 27. Curran Associates, Inc.; 2014. p 2672-80.

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.

Ready to submit your research? Choose BMC and benefit from:

fast, convenient online submission

thorough peer review by experienced researchers in your field

rapid publication on acceptance

support for research data, including large and complex data types

gold Open Access which fosters wider collaboration and increased citations

maximum visibility for your research: over 100M website views per year

At BMC, research is always in progress.

Learn more biomedcentral.com/submissions . BMC



http://arxiv.org/abs/2001.06256
http://arxiv.org/abs/1903.04057
https://doi.org/10.1214/20-BA1238
http://arxiv.org/abs/1506.02169
http://arxiv.org/abs/1912.02762
http://arxiv.org/abs/1206.2944

	Accelerated regression-based summary statistics for discrete stochastic systems via approximate simulators
	Abstract 
	Background: 
	Results: 
	Conclusions: 

	Background
	Parameter estimation for biochemical systems
	Approximate Bayesian computation
	Regression-based summary statistics
	Related work

	Results
	Approximate summary statistics overview
	Experiments
	Normalized posterior mean absolute error 
	Pure-birth process
	Lotka-volterra stochastic oscillator
	Comparison to random

	Genetic toggle-switch
	Vilar oscillator

	Discussion
	Practical implementations

	Conclusions
	Methods
	Approximate summary statistics
	Constructing an approximate dataset for training via likelihood ratios
	Approximate ratio estimation

	Acknowledgements
	References


